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Abstract 
We study the critical behavior of the contact process on a homogeneous tree. It is shown that 
if the degree of the tree is greater than four, then the survival probability 0(2) behaves like 
(2 - 2c) a with/~ = 1 when 2 is near but above the critical point 2c, and the expected infection 
time Z(2) behaves like (2c - 2)- ~ with 7 = 1 when 2 is near but below 4o. Analogous results for 
the oriented percolation model are also obtained. 
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1. Introduction and statement of results 
1.1. Contact process 
The contact process on trees was shown by Pemantle (1992) to exhibit a multiple 
phase transition. In this respect he behavior differs from the usual contact process on 
finite dimensional attices. For  standard facts about the contact process on finite 
dimensional lattices, see Liggett (1985) or Durrett  (1988). Pemantle (1992) has proved, 
under the assumption that the degree of the tree is greater than or equal to 3, there 
exist 2c and 2'c with 0 < 2c < 2'~ < oo such that the contact process dies out when 2 is 
below 2¢, survives globally but dies out locally when 2 is between 2c and 2'c, and 
survives globally as well as locally when 2 is above 2". He also proved, among other 
results, that the survival probabil ity 0(2) is a continuous function of 2 and it vanishes 
at 2¢ under the same assumption. Recently, Morrow et al. (1993) have shown the same 
property for 0(2) but without assuming that the degree of the tree is 3 or above. We 
remark that continuity of 0(2) at 2¢ for the contact process on finite dimensional 
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lattices is a much harder problem and it was just solved not so long ago by 
Bezuidenhout and Grimmett (1990). In this work, we study the behavior of 0(2) and 
X(2), the expected infection time, in the vicinity of 2¢. Under the assumption that the 
degree of the tree is 5 or above, we will prove that 
and 
0(2) ~ (2 - 2o) ~ as 2,L2c, (1) 
X(2) ~ (2c - 2) -~ as 2T2c. (2) 
with fl = 7 = 1, where f(2) ~ 9(2) means that there exist positive constants cl and 
c2 such that 
c10(2) <f(2) .< c2g(2). 
We believe that these "mean-field" power laws hold for the contact process on any 
homogeneous trees, although at the present we are not able to prove them for the trees 
with degree 2, 3 or 4. Properties (1) and (2) are proved by showing that the contact 
process version of the triangle condition is satisfied. The triangle condition is known 
to imply, among other things, the analogs of (1) and (2) for both nonoriented and 
oriented percolation models (see Aizenman and Newman, 1984; and Barsky and 
Aizenman 1991). This condition can be extended to the contact process and can be 
shown to imply (1) and (2) (Barsky and Wu, 1993). In the rest of this subsection are 
some notations and the statement of the result. 
Let Tbe a homogeneous tree such that each vertex of Thas exactly k + 1 neighbors, 
where k is called the degree of T. Let a be a distinguished vertex of T that we call the 
origin (or the root). The contact process on T can be defined by the graphical 
representation of Harris (1974, 1978) [see also Griffeath, 1979, 1981; Durrett, 1988; 
Liggett, 1985]. Consider the graph Tx [0, oo), in which T represents the spatial 
component and [0, ~)  represents time. Along each vertical time line {x} x [0, oo) is 
positioned a Poisson process of points (with density 1) called deaths and between each 
ordered pair {xt } x [0, oo) and {x2} x [0, ~)  of adjacent ime lines, there is a Poisson 
process (with density 2) of crossings oriented in the direction xx to x2. These Poisson 
processes are taken to be independent of each other. We write P~ and E~ for the 
corresponding probability measure and expectation operator. A point (x, t~) in 
Tx [0, oo) is said to be connected to another point (y, t2) with t~ <~ t2 if there is a path 
in T x [0, oo) from (x, tt ) to (y, t2) using vertical ine segments traversed in the upward 
direction and oriented horizontal crossings and traversing no deaths. We denote this 
event by "(x, t l ) --, (y, t2)", and for the sake of simplicity, we will denote the probabil- 
ity of this event by Pa((x, tl), (y, t2)) instead of by Px((x, t l)  ~ (y, t2)). Let ~t be the set 
of points x in T such that the origin (a, 0) of T x [0, oo) is connected to (x, t). Define the 
survival probability 
0(2) = Px(~t # ¢ for all t), 
the critical values 
(3) 
2c = inf(2: 0(2) > 0), (4) 
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and 
2'¢ = inf{2: Pa(a e ~, for arbitrarily large t) > 0}. (5) 
In words, 2¢ is the critical value corresponding to the global survival of the contact 
process and 2'¢ corresponds to the local survival. It is easy to see that 2¢ ~< 2'¢. 
Pemantle (1992) proved that 2¢ < 2'¢ when k/> 3. It is because of this fact that we say 
the contact process on trees exhibits a multiple phase transition. We write 
z(2) = E (f ° 1, 4,11 at), (6) 
which represents the expected infection time, where II 4, II denotes the number of sites 
in 4,. It is easy to see that X(2) = ~ when 2 > 2¢; it follows from Bezuidenhout and 
Grimmett (1991) and Aizenman (1993) that Z(2) < ~ when 2 < 2¢. For any two sites 
x and y in T, we denote the distance between them by I x - Y l and the distance between 
x and the origin a by I xl; for any two points (x, t l) and (y, t2) in T x [0, ~)  (or T x Z + 
in the next subsection) we define the distance between them by I(x, t l ) -  
(y, t2)l = Ix - y[ + It1 - t21 (where the second term in the summation is the absolute 
value of t l - t2) and write I(x, t)l for I(x, t) - (a, 0) 1. The open triangle diagram is then 
defined by 
V(2; R) = sup {V(2; (z, s)): (z, s) ~ Tx [0, ~),  [(z, s)l i> R} (7) 
with 
V(2; (z, s)) = 
;of, dtx dt2 Px((a, 0), (x, tl))Px((x, tl), (y, t2))Pa((z, s), (y, t2)), (8) x ,y~T 1 vs 
where t lv  s = max {tl, s}. 
Theorem 1. For the contact process on a homogeneous tree T with degree k, if 
2 < 1/(2x/~ ), then 
lim V(2; R) = 0 (9) 
Theorem 1 will be proved in Section 2.2. Its consequence is stated and proved as 
follows. 
Corollary 1. For the contact process on T with degree k ~ 5, we have the following 
power laws: 
0(2) ~, (2 -- 2 J  as 2J,2¢, (10) 
and 
;((2) ~(2¢ - 2) -r as 2T2¢ (11) 
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with fl = 7 = 1, where f(2) ,~ g(2) means that there exist positive constants cl and 
c2 such that 
c,g(2)<~f(2)<c2g(2).  
It follows from (11) that the expected infection time is infinite when 2 >/2¢. On the 
other hand, by Lemma 2 in Section 2.2 the expected infection time along any vertical 
line {x} x [0, ~)  is finite and decays exponentially whenever 2 < 1/(2x/~ ).Notice that 
2c < 1/(2x/~) for k/> 5 (see the Proof of Corollary 1 below), therefore in part of the 
supercritical region the expected infection time along {x} x [0, ~)  decays exponenti- 
ally as x moves away from the root. This phenomenon does not occur for the contact 
process on finite dimensional lattices. 
Proof of Corollary 1. It is shown by Pemantle (1992) that 2c is bounded from above by 
(x/9 + 16/(k-  1 ) -  1)/(2(k + 1)), which is less than 1/(2x/~ ) for k ~> 5. Therefore 
Theorem 1 implies that when k >/5 the triangle condition is satisfied, that is 
lim V(2c, R) = 0. (12) 
It follows from the work of Barsky and Wu (1993), which extends the results of 
Aizenman and Newman (1984) and Barsky and Aizenman (1991) to the contact 
process, that (12) implies (10) and (11). This completes the proof. [] 
We remark that if one wants to, one can introduce other critical exponents such as 
and A analogous to the ones in Corollary 2 of the following subsection. 
1.2. Oriented percolation 
The discrete-time contact process on T is an oriented percolation model on the 
graph T x 7/+, where Z ÷ = {0, 1, 2,... }. The model can be defined as follows. For any 
two adjacent sites of the forms (x, n) and (y, n) in Tx 7/+ we denote the bond with 
orientation from (x, n) to (y, n) by ((x, n), (y, n)} and denote the one with the opposite 
orientation by ((y, n), (x, n)}; we call any of these bonds a horizontal bond. There is 
only one bond associated with any two adjacent sites of the forms (x, n) and (x, n + 1), 
which has the orientation from (x,n) to (y, n + 1) and is denoted by ((x,n),  
(x, n + 1)); we call a bond of this type a vertical bond. Let Pl and P2 satisfy 0 < pl, 
P2 < 1, and declare ach horizontal bond (respectively, vertical bond) to be open with 
probability P2 (respectively, Pl ) independent ofthe states of all other bonds. We write 
Pp,.p2 and Epl. p2 for the corresponding probability measure and expectation operator. 
We can introduce a single parameter 2 by setting 
Pl = 1 - e -J~2, 
(13) 
P2 = 1 -- e -Jz~, 
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where J1 > 0 and J2  > 0 are constants and 0 < 2 < o0. We may write P~ and Ez for 
Pp,,p2 and E~,,p~, respectively, when we want to emphasize on the parameter 2. 
Similarly we may write f(2) for f (P l ,  P2) for any function f( ') .  A site (x, n) is said to be 
connected to (y, m) (with n ~< m) if there is a path of open bonds from (x, n) to (y, m) 
traversing along the orientation and we denote this event by "(x, n) --* (y, m)" and its 
probability by Ppt ,p~ ((x, n), (y, m)) (instead of by Pp,, p2 ((x, n) ~ (y, m))). The (forward) 
cluster of (x, n) is defined by 
C((x, n)) = {(y, m) ~ Tx 7/+: (x, n) --* (y, m)}. (14)  
We write C for C((a, 0)) and [C[ for the number of sites in C. Define the percolation 
probability 
O(Z) - O(pi,P2) = P~,,~2(ICI  = ~), 
the critical point 
2c = inf{2: 0(2) > 0}, 
the expected cluster size 
(15) 
(16) 
x(,t) - Z(pl ,  p2) = G, ,p , ( I c l )  = Y pp,..~((~, 0), (x, n)), 
(x,n) ~ Tx ~'~ 
(17) 
the expected number of sites on the vertical ine {x} x Z + reachable from the origin 
z(2; x) = z(p , ,  p2; x) = Ep,,p2(I CI r~ { {x} x 7/+}) = 
and the generating function for P~(ICl = n) 
2 
nEZ + 
Pp, ,p2((~r, 0), (x, n)), (18) 
G(2, h) = ~ (1 - e-"h)Pa([C[ = n) = 1 -- ~ e-"nP~(ICI = n). (19) 
l~<n~< ov l~<n~< o¢ 
The following theorem is an oriented percolation version of the results of Grimmett 
and Newman (1989), which states that the oriented percolation model on T × 7/+ also 
exhibits a multiple phase transition. Although this result does not appear in their 
paper, it can be proved in exactly the same way as their propositions. 
Theorem 2. For oriented percolation on Tx  7/+ with parameters Pl and P2, 
(a) /f Pz < (1 -  x/~l) /k ,  then there is a.s. no infinite cluster, or equivalently 
O(pl, P2) = 0; 
(b) / f  P2 > (1 - -  pl)/(k - Pl), then there is a.s. an infinite cluster, or equivalently 
O(pl, P2) > 0; 
(c) /f P2 < (1 - x /~)/xfk ,  then the expected number of sites on any vertical line 
reachable from the origin is finite, i.e., Z(Pl, P2; X) < ~ for any x ~ T. I f  further, 
O(pl, P2) > 0, then (conditionin9 on the event that iCI = o0) the cluster of the orioin 
percolates but eventually leaves any finite spatial region; 
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(d) /f Pl > 0 and P2 is sufficiently close to 1, then (conditioning on ICl = ~)  the 
cluster of the origin percolates and revisits any vertical line infinitely often. [Further 
more, any two infinite clusters C ( (x, n) ) and C ( (y, m) ) intersect each other in the sense 
that there exists a site (z, l) (with l >>. n v m) which belongs to both C((x, n)) and 
C((y, m)). This fact is regarded as the oriented percolation version of the uniqueness of 
the infinite cluster.] 
Remark. Theorem 2 states that there exist three nonempty regions in which, respec- 
tively, there is a.s. no infinite cluster, the cluster of the origin is infinite with positive 
probability but it eventually leaves any finite collection of vertical ines, and the 
cluster of the origin is infinite with positive probability and it revisits any vertical line 
infinitely often. The intermediate r gion is not empty because it at least contains the 
region in the p~ p2-plane bounded from below by the curve P2 = (1 - pl)/(k - Pl ) and 
bounded from above by P2 = (1 - x/~l)/x//k; the latter is nonempty for any k ~> 2 and 
is extended to the point (Pl = 1, P2 = 0) for k/> 6. 
The open triangle diagram for the oriented percolation model is defined by 
V(pl, P2; R) = sup {V(pl, P2; (z, m)): (z, m) ~ Tx Z +, [(z, m)l ~> R} (20) 
with 
V(p , ,pz ; (z ,m))  = ~ Pv,,,,((a,O),(x, nl)) 
(x, nl ),(y, n2) E l rx  Z + 
× P~,,p~((x, nl), (y, nz))Pp,.p~((z, m), (y, nz)). 
Theorem 3. For oriented percolation on Tx  7_ +,/ f  P2 < (1 - x /~) /x /~,  then 
lim V(pl, P2; R) = 0 
R--~ oo 
(21) 
Proof of Theorem 3 is in the next section. Here we will prove its corollary. 
Corollary 2. For oriented percolation on T x Z + with either k >1 6 or with 2 <~ k <<. 5 
and J2/J1 large enough, we have that 
0(2)~(2-2c)  a as 2~2o, 
z (2) ~ (;~ - 2)-  ~ as 2 T 2~, 
G(2¢,h).~ h1/~ as h~O, 
Ez(ICI "÷x) 
,~(2c--2)-~ as 2 T 2~ 
E~(ICI") 
with fl = 7 = 1 and 6 = A = 2, where m >>. 1 is an integer and the relation ~ is in the 
same sense as in Corollary 1. 
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We refer the reader to Nguyen and Yang (1992) for the critical behavior of the 
oriented percolation model on the finite dimensional lattices with the dimensions 
sufficiently high. 
Proof of Corollary 2. By statement (b) of Theorem 2, the critical curve is underneath 
the curve given by P2 -- (1 - pl)/(k - Pl) on the plp2-plane. On the other hand the 
curve P2 = (1 -p l ) / (k -P l )  is always underneath the curve P2 = (1 -  x /~ l ) /x~ 
when k ~> 6. So any point (p~, p~) on the critical curve satisfies p~ < (1 - ~) /x /k ,  
therefore Theorem 3 implies that the triangle condition is satisfied, that is, 
c c .  lim V(2c, R) - lim V(pl, P2, R) = 0, (22) 
R~ao R~oo 
where 2c and (p],p~) are related by p~ = 1 -  e -J'a° and p~ = 1 -  e -J2a~. For 
2~<k~<5 the curve P2=( I -P~) / (k -P~)  is underneath the curve 
P2 = (1 - x/rp-~)/x/~ when p~ is small, so (22) still holds if J2/J1 is large enough. It 
follows from the results of Aizenman and Newman (1984), Barsky and Aizenman 
(1991) and Nguyen (1987) that the triangle condition (22) implies Corollary 2. This 
completes the proof. [] 
The theorems are proved in the next section. Theorem 3is proved in Section 2.1 and 
Theorem 1 in Section 2.2. We omit the proof of Theorem 2 since it can be obtained by 
a simple adaptation of the argument of Grimmett and Newman (1989). 
2. Proofs of theorems 
2.1. Proof of Theorem 3 
We will first state and prove a lemma. Let T be a homogeneous tree with degree 
k (e.g., each vertex of T has exact k + 1 neighbors). Consider a (non)oriented percola- 
tion model on T. Each bond of T is open with probability p and closed with 
probability 1 - p, independent of all other bonds. We write 
% (z) = y~ ep (~ ~ x) e~ (x --, y) Pp (z --, y) 
x,y~T 
= ~ plXlplX-ylplZ-yl (23) 
x, yeT  
for the open triangle diagram. (For nonoriented percolation, the relation x-*  y is 
symmetric.) 
Lemma 1. For independent percolation on a homogeneous tree T with degree k, we have 
lim Vp(z) = 0 when p < 1/x/~. 
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Proof. Let {Xo, xl . . . . .  x.} be the (unique) self-avoiding path in Tfrom the origin a to 
site z, where xi and x~+ 1 are adjacent sites of Tfor i = 0, 1 . . . . .  n - 1, with Xo = a and 
x. = z. We denote by Bo the branch (subtree) of T containing Xo with the bond 
between Xo and xl removed, by B, the branch containing x, with the bond between 
x,_ ~ and x, removed, and by Bg the branch containing xi with the bond between 
x~_~ and xi, and the bond between xg and x~÷~ both removed for i = 1, 2, ..., n - 1. 
Notice that the set of sites of T is the union of the sets of sites of Bo, B~, ..., B,. Recall 
that for any sites x and y in T, we denote the distance between them by Ix -  Y l 
and the distance between x "and a by Ixl. We estimate the open triangle diagram as 
follows. 
Vp(z)= Z Z plXlpl~-ylplZ-yl 
xeTyeT  
[x o+x  +... +x l[y o+y; + 
(24) 
For any sites x and y in Bi, I x l  = Ix  - x i l  + Ix i l  and Iz - y l  = ly  - x i l  + Ix~ - z l .  So  
by translation invariance 
2 2 plX] plX -- y] plZ -- yl = E E plX -- Xi[ + [xil plX -- yl ply - xi] + Ixi- z] 
xEBi yeBi xeBi yeBi 
=plzl ~ ~ plx-x,lplx-ylply-x,I 
xeBi yEBi 
< plzlV(p) (25) 
where V(p) = ZxerY~y~rplXlp Ix ylplyl which is finite when p < 1/x/~ by the lemma 
of Wu (1993). A slightly different but still similar argument gives that for i C j, 
~ plxlplx-ylplZ-yl < plzl(v(p))2" (26) 
xEBi yEBj 
Combining (24)-(26), we have 
Vp(z) < (Izl + 1) 2 plZl(V(p))2. 
Therefore limlz I _~ ~ Vp(z) = 0 when V(p) is finite, that is, when p < 1/x/~. [] 
Proof of Theorem 3. We will first show that when pz < (1 - x/~)/x/k,  
lim V(pl, P2; (z, m)) = 0 uniformly for m in Z +. 
Izl--, oo 
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From (21), 
V(pl, P2; (z, m)) 
= ~ ~, P((a,O),(x, nl)) ~, P((x, na),(y, n2))P((z,m),(y, n2)) 
x ,y~ T n, ~Z + n2 >~ m vnl  
<~ ~ ~, P((a,O),(x, nl)) ~ P((x, nl),(y, n2)) ~ P((z,m),(y, n2)), 
x ,y~ Tn l  ~_  + n2 >~nl n2 >/m 
(27) 
where, for simplicity, we write P(-) for PVl,V2(')- We will assume that 
P((a, O), (x, nl)) < cp Ixl, (28) 
where p = p2/(1 - x /~)  and c = (2x/-~ (1 - ~ - v/kp2)) - 1. Proof of (28)is sim- 
ilar to that of(29) in Wu (1993) and is omitted here. We refer the reader to the proofs of 
Propositions 1and 4 of Grimmett and Newman (1989) as well for similar augument. 
By translation invariance, we also have that 
P((x, nx ), (y, n2) ) < cp Ix- yl (29) 
n2~n2 ~ /11 
and 
~, P((z, m), (y, n2)) < cp Iz - yl. 
n2~?l 2 ~ m 
Combining (27)-(30) 
(30) 
V(pl,p2; (z,m)) <<. c 3 ~ plxlpLx-ylplz-yl (31) 
x ,yET  
This and the Proof of Lemma 1 imply that limlz I _. ~ V(pl, P2; (z, m)) = 0 uniformly 
for m in 7/+ when p < 1/x/~, that is, when P2 < (1 - ~ l ) /x /~.  To prove the theorem, 
it is left to show that for any fixed z, lim,,~ ~ V(pl, P2; (g, m)) = 0. For this purpose we 
write V(pl, P2; (z, m)) as follows. From (27) 
V(pl, P2; (z, m)) 
<~ ~ ~ P((a,O),(x, nx)) ~ P((x, nl),(y, n2)) 
x, y6Tn l~Z + n2 ) ~'1 V n I 
x ~. P((z,m),(y, n2))<. ~ ~, P((a,O),(x, nl)) ~ P((x, nl),(y, n2)) 
n 2 >1 mvn I x ,y~ T nl > m/2 n2 >>- nl 
x ~ P((z,m),(y, n2))+ ~ ~ P((a,O),(x,n~)) 
n2 >~ m x, y e r n 1<~ m/2 
x ~ P((x, nl),(y, n2)) ~ P((z,m),(y, n2)). (32) 
n2 >~ nl + m/2 /12 ~ m 
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Each of the two series on the right-hand side of (32) is dominated by the convergent 
series on the right-hand side of (31). Moreover, it follows from (28) and (29) that 
and 
lim ~ P((a, O), (x, n l ) )=O (33) 
rn~oo nl > m/2 
lim ~. P((x, nl ), (y, n2)) = 0. 
m~oo n2 -n l  >~m/2 
So by dominated convergence, we have l imm~ V(p~, P2; (z, m)) = 0 as desired. 
(34) 
2.2. Proof of Theorem 1 
We may approximate P~, the probability measure of the contact process, by 
measures corresponding to the discrete time contact process in the sense of weak 
convergence. Supose e is a small positive number. Consider the oriented percolation 
on the graph T x Z ÷ (e), where Z ÷ (e)= {ke: k E 7/+ } (which is isomorphic to Z ÷ ). 
Declare each horizontal bond to be open with probability P2 = e2 and each vertical 
bond to be open with probability Pl = 1 - e. The resulting probability measure is 
P~_~.~x and we will simply write it as P~. It is the case that 
P~ =>Pa as ~,l,O. (35) 
[See, e.g., Bezuidenhout and Grimmett (1991)]. The following lemmas are some 
ingredients we need to prove Theorem 1. Lemma 2 states that the expected infection 
time (from the origin) along any vertical ine {x} x [0, oo) is finite and exponentially 
decays as x moves away from the root when 2 < 1/(2x/~ ). We conjecture that this 
statement is true whenever 2 is below the second phase transition 2'c. [Pemantle (1992) 
has shown that 1/(2x//-k) < 2'c < e/x/~. ] 
Lemma 2. For the contact process on a homogeneous tree T with degree k, we have that 
fo Pa((a, 0), (x, t))dt ~< 1 1 - 2v~ (2~)~ 
when 2 < 1/(2v/k). 
Proof. From (28) we have that 
2 ~P~((~, 0), (x, n)) < ~ ( ~  ~x~ 
.~z+(~) 2.,,/1 - e(1 - x/1 -~  - x /~2)  1 - lx/1-~- e /  .(36) 
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Lemma 2 is then a consequence of letting e--, 0 in (36). To make the argument 
rigorous, define a step function on [0, ~)  by setting 
p~(t) = ~, P]((a,O),(x, n))It.,,+~)(t ), 
ne~+(~) 
where It.,,+,~(t) is 1 when t ~ In, n + ~) and 0 otherwise. It is not difficult to see from 
(35) that l im~o p,](t) = Pa((o, 0), (x, t)) for any t > 0. Therefore we have that 
lim p[(t)dt = Pa((a, 0), (x, t)) dt (37) 
e~O 0 
by dominated convergence, where A is any positive number. On the other hand, 
f~ p~(t)dt < ~, eP~((~r, 0), (x, n)) n e 7z+(~) 
e, (g~.  ~lxl 
<2x/ l _e ( l _x / l _e_x / / -~e2)  1_  lx/]--~_e, / . (38) 
Combining (37) and (38) gives that 
f~ P~((a, 0), (x, t)) <~ 
1 dt 1 - 2x/~2 (22)1xl 
for any A > 0. This completes the proof of Lemma 2. [] 
In the proof of Theorem 1, we need an inequality of the type 
~yf(t)O(t) dt ~ [faT(t)dr] [~; O(t)dt]. Unfortunately, this inequality is not true in 
general. Lemma 3 is designed for this matter. 
Lemma 3. Suppose that A is a nonnegative number such that A >1 s v t~, then 
f ;  Pz((x, tl), (y, t))Pa((z, s), t))dt (Y, 
<~ e4 I f ~ Pz((x, tl), (y, t))dt l [ f~ Pz((z, s), (y, t))dt ]. 
Proof. The proof is based on the following basic observation: for any t, t' such that 
A~<t~<t '~<t+ 1, wehavethat  
e-XP~((x, t l)  , (y, t)) ~ P,~((x, tl) , (y, t')), (39) 
where, e- 1 is the probability of the event hat there is no death between t and t + 1. 
Let f(t)=P~((x, tl),(y,t)) and g(t)=Pz((z,s),(y,t)), then by using (39) twice, 
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we have 
f (t) g(t) dt = f (t) 9 (t) dt 
n=O dA+n 
<~ e 2 ~ f (A  + n + 1)g(A + n + 1) 
n=O 
<~ e 2 f (A  + n + 1) g(A + n + 1) 
n= n=O 
/*A+n+2 7 
~< e2 [.=~o f f f f f ;  ef(t)dt][.~=o Ja+.+, eg(t)dtJ 
<-e4[f;f(t)dt][f;o(t)dt I" 
This completes the proof. [] 
We now turn to the proof of Theorem 1. With the results of Lemmas 2 and 3, 
Theorem 1 can be proved by means of an argument parallel to the proof of Theorem 3. 
Proof of Theorem 1. From (8) 
V(2; (z, s)) 
fo Z = Pa((a, 0), (x, t l))dtl Pa((x, tl), (y, tz))Pa((z,s), (y, t2))dt2 x, yeT  l vs  
<~e 4 ~ P~((a,O),(x,q))dtl 
x ,y  ~ T 
;/ x Pa((x, tl), (y, t2))dt2 P~((z, s), (y, t2))dt2 
1 
e 4 
~< (1 - 2x/~2) 3x,y~r2 ( 2)1x1(22) ly -x1(22) I '- '1, (40) 
where the first inequality is by Lemma 3 and the second one is by Lemma 2. If 
2 < 1/(2v/k), the right-hand side of(40) approaches zero as Izl ~ oo due to Lemma 1. 
So 
lim V(2; (z, s)) = 0 uniformly for s e [0, oo). 
Izl-* co 
It is left to show that for any fixed z e T, 
lim V(2; (z, s)) = 0. 
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We rewrite V(2;(z, s)) as follows. From (40) 
V(2; (z, s)) 
;o° <<" e4 x,~ye r P~((a,O),(X, t l ) )d t l  
x Pa((x, tl), (y, t2)) dt2 Pa((z, s), (y, tz))dt2 
1 VS  1 VS  
f7 <~e 4 ~ Pa((a,O),(x, tl))dtl P~((x, tl),(y, t2))dt2 x,y~ T /2 1 
f7 × P~((z, s), (> t2))dt2 
+e 4 ~ P~((~r,O),(x, tl))dtl P~((X, tl),(y, t2))dt2 
x ,y~ T ~ +s /2  
;7 x Pa ((z, s), (y, t2))dt2. 
Each of these two series is dominated by the convergent series on the right-hand side 
of (40), and by Lemma 2 and translation invariance 
f; lim Pa((a, 0), (x, t l))dt I = 0. s -~oo /2  
and 
lim Px((x, tl) , (y, ta))dt2 = lim Pa((x, 0), (y, t2))dt2 = 0. 
s ~  l +s /2  s ~  /2 
Therefore lims~® V(2; (z, s)) = 0 by dominated convergence and hence the proof of 
Theorem 1 is completed. 
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